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Abstract

It is known that if an equation describes non-trivial one-parameter families
of pseudo-spherical surfaces, its conservation laws, (generalized, nonlocal)
symmetries and Backlund transformations can be studied by geometrical means
[4, 10]. In this letter it is pointed out that there exist correspondences,
or ‘generalized Bécklund transformations’, between arbitrary solutions
(satisfying some genericity conditions) of any two single equations describing
pseudo-spherical surfaces. Then, the notion of a hierarchy of equations of
pseudo-spherical type is introduced, and a theorem stating that there also exist
correspondences between arbitrary solutions of any two such hierarchies is
presented. A full account of these results appears elsewhere [12, 13].

PACS numbers: 02.30.Jr, 02.30.1k
Mathematics Subject Classification: 35Q53, 37K10, 37K25

1. Equations of pseudo-spherical type

Equations of pseudo-spherical type were introduced by Chern and Tenenblat [4, 15] motivated
by an observation due to Sasaki [14]: generic solutions of equations integrable by the classical
Ablowitz, Kaup, Newell and Segur (AKNS) inverse-scattering scheme determine—whenever
their associated linear problems are real—pseudo-spherical surfaces.

Below and henceforth, u s, stands for 07*9u/0xPot?, 0 = 1,2,3and 8 = 1, 2.

Definition 1. A scalar differential equation E(x,t, u, uy, ..., umm) = 0 in two independent
variables x, t is of pseudo-spherical type (or, ‘it describes pseudo-spherical surfaces’; or, it
is a ‘PSS equation’) if there exist one-forms w* # 0,

0% = for (e, tou, oo ) dx + for(X, U, .., Uysge) dE (D
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whose coefficients fup are differential functions (that is, smooth functions depending on x, t,
and a finite number of derivatives of u) such that the one-forms ©* = w*(u(x, t)) satisfy the
structure equations

do' =@° A &° do’ =o' A& do’ =o' A&° ()
whenever u = u(x, t) is a solution to 2 = 0.

The trivial case when the functions f,s all depend only on x,t is excluded from
further consideration. Definition 1 yields constructions of zero-curvature representations,
linearizations, Bécklund transformations, conservation laws and (generalized/nonlocal)
symmetries, and it has also been used to compare some of the integrability notions appearing
in the literature. Details may be found in [1, 4, 6, 10, 11, 14, 15] and references therein.

Example 1. The Hunter—Saxton equation u,,; = —uyy U — 2uy U, introduced in [7] is of
pseudo-spherical type with associated one-forms w® given by
x T Ux 1 -
a)lz(u”—ﬁ)dx+<u ub | 2'8—1414”—1+u,3)dt 3)
n n
1 —
wzzndx+(—'3—r]u+ux>dt “)
n
1 - x T Ux
a)3=(uxx+l)dx+(—uu”—u+ 2’3+”' M"B)dt 5)
n n

in which the parameters n and f are constrained by the relation n> + 8> — 1 = 0.

The interesting Camassa—Holm equation also describes pseudo-spherical surfaces [11],
and it is not difficult to show that the same holds for equations admitting quadratic pseudo-
potentials [10]. Thus, the equations considered by Nucci [9], for instance, are all of pseudo-
spherical type. Complete classifications of equations of pseudo-spherical type have been also
achieved (see [4, 8, 10], and references therein).

Definition 2 allows one to equip solutions u(x, t) of the PSS equation E = 0 with
(pseudo-)Riemannian structures:

Definition 2. Let E = 0 be an equation describing pseudo-spherical surfaces with associated
one-forms w®. A solution u(x,t) of & = 0 is I-generic if (0> A 0?)(u(x, 1)) # 0, II-generic
if (@' A @) (u(x, 1)) # 0 and HI-generic if (o' A @) (u(x, 1)) # 0.

For example, the associated one-forms (3)—(5) imply that u(x, ) = x is a IlI-generic
solution of the Hunter—Saxton equation.

Proposition 1. Let E = 0 be a PSS equation with associated one-forms o, let u(x,t) be a

solution to B8 = 0 and set * = w*(u(x, 1)).

(a) If u(x,t) is I-generic, @ and @° determine a Lorentz metric of Gaussian curvature
K = —1 on the domain of u(x, t) with connection one-form @".

(b) If u(x, 1) is II-generic, @' and —@° determine a Lorentz metric of Gaussian curvature
K = —1 on the domain of u(x, t) with connection one-form @".

(c) Ifu(x,t) is Ill-generic, @' and @* determine a Riemannian metric of Gaussian curvature

K = —1 on the domain of u(x, t) with connection one-form @.

Proposition 1 is proven by using the Cartan structure equations for (pseudo) Riemannian
surfaces, which may be found in [15]. It may be also understood in terms of gauge theory
(see [12] and [2]).
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2. Correspondence results for PSS equations

An important correspondence between solutions to PSS equations was noted by Kamran and
Tenenblat [8] (see also Ding and Tenenblat [5]): motivated by the fact that two Riemannian
surfaces of constant Gaussian curvature —1 are locally indistinguishable, the authors of [8]
showed that given two PSS equations, and //I-generic solutions u(x, ) and ﬁ(?c\,/t\) of them,
one can relate u(x, 1) and (X, 7) by integrating first-order equations. Moreover, they obtained
a formula for W(x,7) in terms of u(x, ).

This result requires explicit changes of independent variables and it is not restricted to
transforming solutions of a same equation, or even of equations of the same order: it goes
well beyond classical Bécklund transformations. Due to its importance, it is natural to try to
find other theorems of this type. What allows one to extend the Kamran—Tenenblat result is
proposition 1. Since two pseudo-Riemannian surfaces of constant Gaussian curvature —1 are
also locally isometric, one expects correspondence theorems for /- and /I-generic solutions,
exactly as in the Riemannian case. In the I-generic case, for instance, one finds [12]:

Theorem 1. Let E(x,t,u,...) = 0 and /E\(?,/t\ .) =0 be two PSS equations with

associated one-forms w® = f,1 dx + f,o dt and &% fal dx + faz d7, respectively. For any

[-generic solutions u(x,t) of 8 = 0 and W(xX, 1) 0f E = 0, there exists a local diffeomorphism

UV — V, inwhich V and V are open subsets of the domains of u(x,t) and W(x,7)

respectively, and a smooth function v : V. — R, such that o® (u(x, t)) and ®* (U(X, 1)) satisfy
U =o' +dv U*%? = w? coshv + o’ sinh v

(6)

U*%° = w?sinh v + @’ cosh v.

That the maps W and v exist is simply an expression of the local uniqueness of surfaces of
constant curvature referred to above. Write W (x, t) = (y(x t), 8(x,t)) and denote by M and
M the spaces of the independent variables (x, 7) and (X, D) respectively. A careful analysis
of (6) allows one to find a system of equations for y, § and v which can be solved without
previous knowledge of (X, 7):

Lemma 1. Let E(x,t,u,...) = 0 and /E\(Y,/t\, u,...) = 0 be two PSS equations with
associated one-forms w® = f, dx + f,» dt and @* = fal dx + faz d7, respectively, in which
f” =1u. Let V(x,1) = (y(x,1),8(x,1)) be a smooth map with Jacobian J = y.8; — ;5
from (an open subset of) M to (an open subset of) M, and let v be a smooth map from (an open
subset of) M to R. The system of equations

JW* F12) = =[yi(fir +v0) — v (fiz + 0] @)
(W* F)yx + (W F)8, = for coshv + fy sinhy (8)
(¥ Fa1)ye + (W F22)8, = frpcoshv + fi sinh v ©)
(W F30)ys + (8" f32)8, = for sinhv + f3 coshv (10)
(U F31)y: + (¥ F)8; = frp sinhv + f coshv (11)

in which the pull-backs of @ and its derivatives with respect to X, T appearing in the functions
(W™ fap)(x, t) have been evaluated by means of the equation

1
ﬁO‘I’=7(5t(f11+vx)—5x(f12+vt)) 12)

admits—whenever u(x,t) is a I-generic solution of & = 0—a local solution y(x,t),
S(x, 1), v(x,t) such that W(x,t) = (y(x,t),5(x, 1)) is a local diffeomorphism.
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Lemma 1 now yields the following transformation result:

Theorem 2. Let E(x,t,u,...) = 0 and EX,7,7,...) = 0 be two PSS equations with
associated one-forms o® = f,1dx + f,p dt and ®* = fal dx + faz d7, respectively, and
assume that fn = u. Any I-generic solution u(x,t) of 8(x,t,u,...) = 0 gives rise to a
I-generic solution W(X, 1) of/E\(Ec\,/t\, u,...) =0 by means of

1
UoW = 7(5t(f11+vx)_8x(f12+vt)) 13)

in which v is a real-valued function, V(x,t) = (y(x,t),8(x,1)) is a local diffeomorphism,
J is the Jacobian of V, and both v and V are determined by the solution u(x,t) and
equations (7)—(11).

—

Example 2 (Straightening-out /-generic solutions). Consider a PSS equation € = 0 with
associated one-forms (1). Theorem 2 allows one to obtain a I-generic solution of the linear

—~

second-order equation #; = Uz + Uz from a I-generic solution u(x, ) to & = 0. Indeed,
the equation ; = Uz + uz describes pseudo-spherical surfaces with associated functions f o
given by

fu=1u fio =Tz far=-1 fn=0 fa=-1 fa = —0iz.
(14)
Now, define functions 6 (x, t), «(x, t) and B(x, t) by means of the equations
o' +df = w?sinh6 + w’ cosh d(Ine) = w?cosh @ + w’ sinh 6
(1/a) dB = w?sinh 6 + w* cosh 6.

That these functions exist whenever u(x, t) is a solution to & = 0 is guaranteed by the
structure equations (2). The map ¥ (x, t) = (y (x, 1), 6(x, t)), in which

5)

B B(x,1)?
y(x,t) = —In|a(x,?) (a(x, pe — 1)
B Blx. 1)
Sx,t)y =1-— 2. D) +In|a(x, 1) (ot(x, pY — 1)‘

is a local diffeomorphism from the space of independent variables (x,¢) to the space of
independent variables (x,7) since u(x,t) is I-generic. One can check that W (x, #) and the
function p(x, 1) = 6(x,t) — 60 o W~ (x, 1), where

2-X%-1

T+1

-~

9,7 =In

satisfy the system of equations (7)—(11). Formula (13) yields #(X,7) =X +1.

3. Symmetries and hierarchies of PSS equations

Motivated by the theory of integrable systems, one usually restricts the class of PSS
equations [4, 15]: intuitively, one would like to consider only PSS equations which are
necessary and sufficient conditions for equations (2) to hold. In the case of evolution equations
u, = F(x,t,u,...,uw),one proceeds rigorously thus [8, 6].

Let I be the differential ideal generated by the two-forms

du Adx + F(x,t,u,...,uux)dx Adt duy Adt —ua dx Adt

1 <1 < k—1,onamanifold J with coordinates x, t, u, iy, ..., uy, so that local solutions of
u; = F correspond to integral sub-manifolds of the exterior differential system {/, dx A dt}.
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Definition 3. An evolutionary equation u, = F(x,t,u, ..., uw) is strictly pseudo-spherical
if there exist one-forms w* = fy1 dx + foo dt whose coefficients fup are smooth functions on
J, such that the two-forms

Q) =do' — 0® A o? Q) =do? — o' A & Q3 =do® — o' A w? (16)
generate Ip.

The linear equation 7 = us5 + Uz is an example of such an equation. Definition 3
implies that functions f,g associated with strictly pseudo-spherical equations are constrained
from the outset [12]:

Lemma 2. Necessary and sufficient conditions for the kth order equationu; = F to be strictly
pseudo-spherical are the conjunction of: (a) the functions fup satisfy fo1.u. = 0; for.u, = 0;
f121,u + 3+ f31, # 0, inwhicha > 1; and (b) F and fys satisfy the identities
k=1
—foraF + Yt furau, + f1 fy2 = fir foo + farw — fara =0 (17)
i=0
in which («, 6, y) is (1,2,3),(2,3,1), (3,2, 1).

Definition 4. A differential function G is a generalized symmetry of an evolution equation
u, = F if for any local solution u(x,t) of u; = F, the function u(x, t) + tG(u(x, t)) satisfies
the equation u; = F to first order in t.

Generalized symmetries of strictly pseudo-spherical equations are characterized as
follows. Assume thatu, = F is an mth order strictly pseudo-spherical equation with associated
one-forms w®, and consider a local solution u(x, t) of u, = F. Set G = G (u(x, 1)), in which
G is any differential function, and expand, using lemma 2, the one-forms w* (u(x, ) + 7G)
about T = 0. One obtains an infinitesimal deformation @ + t Ay of @* = w®(u(x, t)). One
then proves ([13] and references therein):

Theorem 3. Suppose thatu, = F(x,t,u, ...u.m) is strictly pseudo-spherical with associated
one-forms w* = fu1 dx + foo dt. Let G be a differential function, and consider the deformed
one-forms @* +t Ay defined above. They satisfy the structure equations of a pseudo-spherical
surface up to terms of order t* if and only if G is a generalized symmetry of u, = F.

Next, one introduces hierarchies of pseudo-spherical type [13], motivated by the fact
that in the theory of integrable systems one is concerned not with single equations, but with
countable numbers of equations which determine pairwise commuting flows. The independent
variables will be x, f, 71, T2, . . ..

Definition 5. Let u,, = F;,i > 0,19 = t, be a countable number of evolution equations.
These equations form a hierarchy of equations describing pseudo-spherical surfaces (or a
hierarchy of pseudo-spherical type) if there exist differential functions fug and hei, i > 1,
such that the one-forms

O = fordx + fur dt + Y hyi dr; (18)
i=1
satisfy the equations
dyo" =o' rel  agyell=el"rel 4,6 = el el (19)
foralln > 0.
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In (19), the exterior derivative dy ®!"! is computed by means of dy (dx) = dpy(dt;) = 0,
and dyg = D,gdx + Z;’:O D, g dt; for any differential function g; the operators D, D,,
i > 0 are given by

G — d G —
D, =—+ Uyjrt —— and T"__+Z ’F
9x = Ol yj aT, =

20
8ux/ ( )

Example 3. The well-known KdV hierarchy is of pseudo-spherical type: one defines functions
fap and he; 0 > 0, as follows: fiy =1—u, for =A, fs1 = =1 —u, fo=—-u+1, fn =
A f5o = —u — 1, hgo = fun, and fori > 0,hy; = (1/2)ABY — (1/2)BY) — uB® + BW;
hyi = AB® — BW; and hy; = (1/2)AB — (1/2)B{) —uB® — B". Here, X is a parameter,
BW = Z;:o B;A?=) and the functions B, j > 1, are determined by the recursion relation

B()’XIO Bj+1,x =Bj,xxx +4MBJ"X+2MXBJ‘ Og_] <n-—1. (21)

That (21) determine differential functions B; is proven in [3]. The equation u,, = F; is the
ith-order KdV equation, u, = (1/2)By yxx + uxB, + 2uB, .. For instance, one can easily
check that the equation u,, = Fp is the standard KdV equation u; = t,, + 6uuy.

Geometrically, equations (19) say that the one-forms ®! describe pseudo-spherical
surfaces immersed in a flat pseudo-Riemannian manifold of dimension n + 2. A rigorous
theorem to this effect appears in [13]. The following result is also proven in [13]:

Theorem 4. Let u,, = F;,i > 0, be a hierarchy of pseudo-spherical type with associated
one-forms OV = f,1dx + foodt + > 1_ heidi,n > 0. Then, the equations u,, = F;
describe pseudo-spherical surfaces with associated one-forms of = fo1 dx + foo dt ifi =0,
and of = fy1dx + hy; dv;, if i > 1. Moreover, the differential function F; is a generalized
symmetry of the equation u,, = F; foralli, j > 0.

Finally, one can show that the transformations of section 2 can be generalized to the
hierarchy case. Only a general version of theorem 1 will be presented here, a hierarchy
version of theorem 2 is more involved and it appears in [13]:

Definition 6. A solution of a hierarchy of pseudo-spherical type u,, = F;,i > 0 is a

sequence W™ (x, t, 7, .. , Tw)Inz0 of smooth functions u"l vl = R™2 5 R such that
for eachn > 0 one has: (a)u[’” is a solution of the equations u,, = F;,i = 1,...,n, and
O u My = u,

Theorem 5. Let u,, = Fi(x,t,u,...) and uz; = F (X.,7,1,...),i > 0 be two hierarchies of
pseudo-spherical type with assoaated one- forms el and @l”], respectlvely Let {u"™Y} and
(@™} be solutions ofu,, = F, anduz = F,, i >0, and assume that u® (x, 1) and u® (x,7)
are lll-generic.
For each n > 0 there exists a local diffeomorphism Y™ : V"l s VIt in ywhich v
and V"' are open subsets of the domains of u"™ and u'"! respectlvely, and a smooth function
s vl R such that the pull-backs of ®" by ul"! and @l”] by u\" satisfy

eI = 0 cos ™! + @4 sin ! (22)
T = —e! sin 1" + O cos u! (23)
el = e +dut. (24)

Moreover, the maps YU and ™, n > 0 can be chosen so that
Y| = Y and 1 = g n>0. (25)
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Example 4. The hierarchy uz = F;,i > 0, with 47 = Uz + u%, and
i i+l
'u}i = %I%/u\?'»fz + Za;ﬂ/u\;{n + Za,”z’u}z (26)
I=1 I=1
in which the constants a; are arbitrary except that aj = 1,7 > 1 is of pseudo-spherical type
with associated functions f1; =1, fo1 =1, f31 =u, hy; = 25;11 al* e, hyy = 0,hy = hy;
and fa2 = ha0~

For a given hierarchy u, = F; with associated one-forms (18), one can connect its
solutions {u!}, >0 such that u!”!(x, 1) is IlI-generic and the solution @™ = X +7+7; +- - - +7,
to (26) as follows: because of (19), one can find solutions «(x,t, ..., t,), B(x,f,..., T,)
and 0" (x, 1, ..., 1,) to the equations O + do" = O cos 411 + O sin 6", d(In B) =
—@llnlsinel”] + @'2”10059'”], and d(oz + Y, t,-) = ﬂ(@llnlcosel”] + ®[2”]sin9[”]), and
(see [13]) one can assume that "*|,,; = 6", (Notation as in theorem 5.) Define
T[n] : (-xstv Tlyonvs Tn) = (357?7/7?]’ "'7/7:\}1) by

1 ‘ ?
I=—hn|g+— a+Z‘L’,~ (27)
p P
a+dr T . 1 ‘ ?
?:—(¢)+1—Zn+ln B+— a+2r,~ (28)
B i=1 p i=l1
=1 (29)

and set u[" = g1l — 9"l 5 Yl in which ! is determined by

_ 7inl _ 1)2 ~nl _
L+ @™ — 1) g — 2@ =D

il _
cosf = ————— == @
1+ @ —1)2 1+ (@l —1)2

These maps satisfy the conclusions of theorem 5.
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